Abstract. We present a continuation result for weakly condensing operators between Banach spaces. There are given also a new fixed point result being in the spirit of Schauder's fixed point theorem and some applications to nonlinear operator equations.
Introduction
This paper presents a general continuation theory for weakly condensing operators between Banach spaces. This extends some results of the author [16] which initially were motivated by the papers of Barias and Rivero [2] , De Blasi [6] and Emmanuele [8] . We also present in Section 2 a new fixed point theorem for weakly condensing operators defined on a closed, bounded, convex subset of a separable, reflexive Banach space. This fixed point theorem is used in Section 3 to establish very general existence principles for nonlinear operator equations. In addition we show, in the case of second order boundary value problems, that the theory developed (in this paper) for weakly continuous operators can lead to the same conclusions as the theory of compact (strong) operators. In Section 4 we present a coincidence theory for weakly condensing operators..
For the remainder of this section we gather together some preliminaries that will be needed in the following sections. Let QE be the bounded subsets of a Banach space E and let K' be the family of all weakly compact subsets of E. Also let B be the unit ball of E. The DeBlasi [2, 6, where X E fZ E (for other measures of weak non-compactness see [2] ).. For convenience we recall some properties of w. Let 5 , T E c. Then:
(i) S C T implies w(S) w(T).
(ii) w(S) 0 if and only if 5" E K" where 5" is the weak closure of S in E. 
iii) w() = W(S). (iv) w(SUT) = max{w(S),w(T)}. (v) w(rS) rw(S) for all r > 0. (vi) w(co(S)) = W(S). (vii) w(S + T) < w(S) + w(T).
Suppose F: Y ç E -+ E maps bounded sets into bounded sets and is weakly continuous. We call F a a) w-Lipschitzian map if there exists a constant k > 0 with w(F(X)) < kw (X) for all bounded sets X c Y; b) w-condensing map if F is w-Lipschitzian with k = 1 and w(F(X)) < w (X) for all bounded sets X with w(X) 0. Theorem 1.1 (Emmanuele) [8] . Let 
E be a Banach space, X a non-empty, bounded, closed, convex subset of E, and F : X -X a w-condensing map. Then F has a fixed point.
Also the following results will be used in this paper. 
Fixed point theory
In this section we present a continuation theory for w-condensing operators. The results were motivated by ideas in [12, 16] . Let E be a Banach space and let Q and C be closed, bounded, convex subsets of E with Q g C. Now let X c Q and A ç X with A weakly closed in X and X weakly closed in Q. 
Proof. We first show that assertion (i) implies assertion (ii). Let G C PA( X , C)
be a fixed point free map with C F on A.
Remark that (E, w), the space E endowed with the weak topology, is a locally convex linear topological space (in particular a Hausdorff space). Now N : X x [0, 1] -C is weakly continuous. To see this let (x 0 , A,) be a net in X x [0, 11 with x 0 -x and A where -denotes weak convergence. Then 
). This together with the properties of w implies Proof. Let C: U" -+ C be any w-condensing map with G Iau = F IaQ u = U0.
It is easy to see that I : C -C is weakly continuous. In fact I : C -C is a w-condensing map. To see this let Q be a bounded subset of C with w(Q) 0. Then
<w(G()) <w(1).
Thus I: C -C is a w-condensing map. Emmanuele's fixed point theorem (Theorem 1.1) implies that I has a fixed point, say, y in C. In addition since 1(x) = u 0 E U for x e C/U" we have y E U"'. Thus y = 1(y) = G(y) and since Glaq u = uo we have y EU. Hence G has a fixed point y E so F is essential Theorems 2.2 and 2.3 immediately yields the following nonlinear alternative of Leray-Schauder type which was proved in [16] by different methods. Proof. We assume FIau is fixed point free for otherwise (Al) is satisfied. Let G: -C be the constant map u p and consider the homotopy N: We now show BflQ j4 0. To do this we argue by contradiction. Suppose BflQ = 0. Then since Q is a weakly closed set (since Q is closed and convex) and B is a weakly compact set we have from Theorem 1.7 that
N(c).c co(F(7r)U {p}) implies w(N(cl)) w (co (F(ir)U {p})) = w(F(ir)U {p}) = w(F(ir)) <w(ir).
Thus there exists € >0 with Q. n = 0 where Q = {x E E : d(x,Q) :5 e } and Z is weakly compact from Theorem 1.6 (since Q, is a closed, convex, bounded subset of E). Also the weak topology on Q, is metrizable [3: p. 1361; let d* denote the metric. We now claim that
D={XEE: x=AFr(x) for some AE[0,1]} is weakly compact. Clearly D is weakly closed since Fr : E -C is weakly continuous. Also since D C co(F(Q) U 10}) we have w(D) < w(co(F(Q) U {0})) = w(F(Q)) = 0.
Thus D is weakly compact (so weakly sequentially compact by the Eberlein-Smulian theorem (Theorem 1. 
Applications to operator equations
In this section we present existence principles for nonlinear operators. We motivate our study by first considering the second order boundary value problem , v) is continuous for a.e. t E [0, 1 
(a) t i-i f(t,ü,v) is measurable for all
(U, v) € R2. (b) (u, v) f(t, u
Hiu(t) = G(t,$)u(s)ds
and 10 10 where
H2u(t) = I Gj(t,$)u(s)ds
It is easy to check that solving problem (3.1) is equivalent to finding a solution u e LP [0, 11 to the equation
Remark that if u is a solution of equation (3.2), then y(t) = f' G(t,$)u(s)ds is a solution of problem (3.1) whereas if w is a solution of problem (3.1), then v = W I' is a solution of equation (3.2). Further on, define an operator N : L7'[O, 1] -* LJ'[O, 1] by

Nu(t) = -f (t, H 1 (u(t)), H2 (u(t))). (3.3)
Consequently solving equation ( We prove (3.6) with i = 1 (the case i = 2 is similar). Fix t E [0, 1]. Then
H1 (y,,), H2 (y.)) -f(i, Hi (w), H2 (w))} gdt (j f(t, H, (y.), H 2 (Y.)) -f(i, Hi (w), H 2 (W))
P di) (/ di)
lHi( y n(t)) -Hj(w(t)) = G(t, s)[yn(s) -w(s)j ds
0 as
) together with the fact that f is a LP -Carathéodory function gives -w implies
f(t, H1 (y,,(t)), H2(y,,(t))) f(t, H1 (w(t)), H2 (w(t))) a.e. on [0, 1]. f (3.7)
Also for u E Q we have Remark. Theorem 3.1 could be proved using the theory of compact (strong) operators (see [15: Chapter 3] ). However here we will supply a proof based on Theorem 2.5. This has the added advantage of automatically yielding a new and very general existence principle for nonlinear operator equations.
IHi u(t)I = JG(t,$)u(s)ds
Proof of Theorem 3. First notice since x 1 -x we have (as in (3.5)) that
I f (t, H 1 (x(i)), H2 (x(t))) -f(t, H1 (x(t)), H2 (x(t))) dt
Then given e> 0 (say e < ) there exists j o E N with Consequently (3.11), (3.12) and A, -+ A implies that there exists j i ^! j o with
Thus A,N(x,) E Q for 3 sufficiently large so condition (H)* is satisfied. Theorem 2.5 now guarantees that equation (3.10) has a solution (and consequently problem (3.1) has a solution) I
Essentially the same reasoning as in Theorem 3.1 now establishes immediately a general existence principle for the operator equation = T(u) (3.13) where T: 1) , R") with p > 1. 11, B) is a separable and reflexive Banach space [7] ).
Coincidence theory
A coincidence theory is developed for w-condensing maps. Let E be a Banach space and let Q and C be closed, bounded, convex subsets of E with Q c C. Also X c Q and A is a weakly compact subset of X, X weakly closed in Q . We let L: X -C be a weakly continuous operator. Proof. We first show that assertion (i) implies assertion (ii). Let C e PA(X, C; L)
As in Theorem 2. 1, N: X x [0,11 -C is a w-condensing map. Also since F = C on A and L -C is zero point free on A we have for z E A that
Next we show that assertion (ii) implies assertion (i). 
Remark. We can remove the assumption that A is a weakly compact subset of X provided extra conditions are put on L. For example suppose A C X with A weakly closed in X and X weakly closed in Q and suppose all maps considered We also have the following nonlinear alternative of Leray-Schauder type. 
N(u,t) = tF(u) + (1 -t)G(u).
As in 
